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Abstract. We introduce two Bishop-Phelps-BoUobas moduli of a Banach space which measure, for a 

given Banach space, what is the best possible Bishop-Phelps-BoUobas theorem in this space. We show 

that there is a common upper bound for these moduli for all Banach spaces and we present an example 

showing that this bound is sharp. We prove the continuity of these moduli and an inequality with 

respect to duality. We calculate the two moduli for Hilbert spaces and also present many examples for 

which the moduli have the maximum possible value (among them, there are C{K) spaces and Li{fi) 

5h spaces). Finally, we show that if a Banach space has the maximum possible value of any of the moduli, 

^"^ then it contains almost isometric copies of the real space V^' and present an example showing that this 

■^^ condition is not sufficient. 
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"*^ 1. Introduction 

(— I The classical Bishop-Phelps theorem of 1961 [4] states that the set of norm attaining functionals on a 

"*^ Banach space is norm dense in the dual space. Few years later, B. BoUobas [5] gave a sharper version of 

Sthis theorem allowing to approximate at the same time a fmictional and a vector in which it almost attains 
, , the norm (see the result bellow). The main aim of this paper is to study the best possible approximation 

of this kind that one may have in each Banach space, measuring it by using two moduli which wc define. 

K^ Before going further, we first present the original result by BoUobas which nowadays is known as the 

vQ Bishop-Phelps-Bollobds theorem. We need to fix some notation. Given a (real or complex) Banach space 

t~^ X, we write Bx and Sx to denote the closed unit ball and the unit sphere of the space, and X* denotes 

C^ the (topological) dual of X. We will also use the notation 

n{X) := {ix,x*) eX xX* : \\x\\ = \\x*\\ = x*{x) = l}. 



O 



f^ Theorem 1.1 (Bishop-Phelps-BoUobas theorem [5]). 

CO Let X be a Banach space. Suppose x £ Sx and x* £ Sx' satisfy |1 — x*{x)\ ^ £^/2 (Q < e < 1/2/ Then 

^ there exists {y,y*) £ n(X) such that \\x - y|| < e + e'^ and \\x* - y*\\ ^ e. 



> 

X 



So the idea is that given {x,x*) £ Sx ^ Sx* such that x*{x) ~ 1, there exist y £ Sx close to x and 
y* £ Sx* close to x* for which y*{y) = 1. This result has many applications, especially for the theory of 
numerical ranges, see [5, 6]. 

Our objective is to introduce two moduli which measures, for a given Banach space, what is the best 
possible BoUobas theorem in this space, that is, how close can be y to a; and y* to x* in the result above 
depending on how close is x*{x) to 1. In the first modulus, we allow the vector and the functional to 
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have norm less than or equal to one, whereas in the second modulus we only consider norm-one vectors 
and functionals. 

Definitions 1.2 (Bishop-Phelps-BoUobas modulus). 

Let X be a Banach space. The Bishop-Phelps-BoUobds modulus of X is the function <I>x : (0, 2) — > M"*" 
such that given 6 G (0, 2), ^x{5) is the infimum of those e > satisfying that for every {x,x*) e Bx xBx* 
with Re x*{x) > I- 6, there is {y,y*) E n(X) with ||a; - y\\ < e and ||a;* - 2;*|| < e. 

The spherical Bishop-Phelps-Bollobds modulus of X is the function $^ : (0, 2) — ;• M+ such that 
given 6 € (0, 2), $x(<5) is the infimum of those e > satisfying that for every {x,x*) e Sx x Sx* with 
Re x*{x) > I- 6, there is {y,y*) G n(X) with ||a: - y\\ < e and \\x* - y*\\ < e. 

Evidently, ^xi^) ^ ^x{S), so any estimation from above for ^x{S) is also valid for ^x{S) and, 
viceversa, any estimation from below for $^ (J) is also valid for ^x (S) ■ 

Recall that the dual of a complex Banach space X is isometric (taking real parts) to the dual of 
the real subjacent space Xr. Also, n(X) does not change if we consider X as a real Banach space 
(indeed, if {x,x*) G n(X) then x* S Sx' and x E Sx satisfies x*{x) = 1 so, obviously. Re x*{x) = 1 
and (a;,Re x*) e n(XR)). Therefore, only the real structure of the space is playing a role in the above 
definitions. We could then suppose that we are only dealing with real Banach spaces and any result 
would apply automatically to complex spaces. Nevertheless, we are not going to do so, mainly because 
for classical sequence or function spaces, the real space underlying the complex version of the space is 
not equal, in general, to the real version of the space. We then prefer to develop the theory for real 
and complex spaces which, actually, does not suppose much more effort. Unless otherwise is stated, the 
(arbitrary or concrete) spaces we are dealing with will be real or complex and the results work in both 
cases. 

Some notation will help to the understanding and further use of Definitions 1.2. Let X be a Banach 
space and fix < 5 < 2. Writing 

AxiS) :== {ix,x*) eBx x Bx* : Rex*{x) >1-S}, 

Af^{S) := {ix,x*) eSx X Sx' : Re x*ix) >l-S}, 

it is clear that 

^x{^) = sup inf max{||a; — j/||, ||x* — y*||}, 

(x,x')eAx{S) (i/>y*)en(X) 

$|((5) = sup inf max{||x-j/||,||a;*-y*||}. 

{x,x')eAf^(S} {y:y)en{x) 

Therefore, if we write dniA, B) to denote the Hausdorff distance between A,BcXx X* associated to 
the £oo-distance doo inXxX* (that is, doo{{x,x*), {y,y*)) = max{||x-y||, ||a;*-j;*||} for (a;, a;*), {y,y*) € 
X X X*, and 



dniA, B) — max < sup inf doo (a, b) , sup inf doo (a, b) 

ior A,B ^ X X X*), then we clearly have that 

^x{5) - dH{Ax{5),Tl{X)) and $|(J) = d^(Ai((5),n(X)) 
for every Q<5 <2 (observe that n(X) C Ax{5) and Ti{X) C A^((5) for every 5). 

The following result is immediate. 
Remark 1.3. Let X he a Banach space. Given 6i, 62 G (0, 2) with 61 < 82, one has 

Ax{5i) d Ax{52) and AI,{5i) d A%{52). 
Therefore, the functions $x(') and $x(') ^^^ increasing. 

Routine computations and the fact that the Hausdorff distance does not change if we take closure in 
one of the sets, provide the following observations. 
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Remark 1.4. Let X be a Banach space. Then, for every S G (0, 2), one has 

^x{S) := inf{e > : V{x,x*) e Bx x Bx* with Re x*{x) > 1 - S, 

e n{X) with dooi{x,x*), iy,y*)) < e 

£ Bx X Bx' with Re x* (x) ^ 1 - 5, 

e Ii{X) with doo{{x,x*), iy,y*)) < e 

e Bx X Bx" with Re x* (x) > 1 - S, 

en{X)withdooi{x,x*),iy,y*))^e 

e -Bx X Bx" with Re x* (x) ^ 1 - 6, 

eniX) with d^i{x,x*),iy,y*)) ^ s 

$1(5) := inf{e > : y{x,x*) £ Sx ^ Sx* with Re x*{x) > 1 ^ 5, 

G n{X) with dooi{x,x*), iy,y*)) < e 
G S'x X Sx' with Re x* (x) ^ 1 - S, 

e n{X) with doo((a;,x*), {y,y*)) < e 
e S'x X S'x» with Re x* (x) > 1 - (5, 

en{X)withdoo{{x,x*),iy,y*))^e 
£ Sx ^ Sx- with Re x* (x) ^ 1 - (5, 

en(X)withdoo((x,x*),(y,y*))s^£ 

Observe that the smaller are the functions $a'(') s.nd $x(')j ^-'^'^ better is the approximation on the 
space. It can be deduced from the Bishop-Phclps-BoUobas theorem that there is a common upper bound 
for <i>x(') and $x(-) for all Banach spaces X. Our first result in the next section will be to present the 
best possible upper bound, namely we will show that 

(1) $|((5) ^ $x((5) < V2S (0 < (5 < 2, X Banach space). 

This will follow from a result by R. Phelps [13]. A version for ^xi^) ^'^^ small (5's can be also deduced 
from the Br0ndsted-Rockafellar variational principle [14, Theorem 3.17], as claimed in [7]. The sharpness 

(2) 

of (1) can be verified by considering the real space X = ioo . This is the content of section 2. 

Next, we prove in section 3 that for every Banach space X, the moduli $x(5) and ^x(^) ^^^ continuous 
in S. We prove that ^x{S) ^ ^x*{S) and $|-((5) ^ ^^,{S). Finally, we show that ^x{S) = V2S if and 
only if $1- ((5) = V26. 

Examples of spaces for which the two moduli are computed are presented in section 4. Among other 
results, the moduli of R and of every real or complex Hilbert space of (real)-dimension greater than one 
are calculated, and there are presented a number of spaces for which the value of both moduli are \/2S 
(i.e. the maximal possible value) for small (5's: namely cq, £i and, more in general, Li(/x), C'o{L), unital 
C*-algebras with non-trivial centralizer. . . 

The main result of section 5 states that if a Banach space X satisfies ^x{Sq) — V2Sq (equivalently, 
'^x('^o) = V^^o) for some So & (0, 1/2), then X contains almost isometric copies of the real space ioo . 
We finish presenting, for every S € (0, 1/2), an example of a three dimensional real space Z containing 
an isometric copy of loo for which $^((5) < v2(5. This is the content of section 6. 
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2. The upper bound of the moduli 

Our first result is the promised best upper bound of the Bishop-Phelps-Bohobas moduh. 
Theorem 2.1. For every Banach space X and every S G (0,2), ^x{^) ^ V^ o-nd so, ^xi^) ^ V^ 

We deduce the above resuh from [13, CoroUary 2.2], which was stated for general bounded convex sets 
on real Banach spaces. Particularizing the result to the case of the unit ball of a Banach space, using a 
routine argument to change non-strict inequalities to strict inequalities, and taking into account that the 
dual of a complex Banach space is isometric (taking real parts) to the dual of the real subjacent space, 
we get the following result. 

Proposition 2.2 (Particular case of [13, Corollary 2.2]). Let X be Banach space. Suppose that z* G S'x* , 
z G Ex and rj > are given such that Re z*{z) > 1 — rj. Then, for any k G (0, 1) there exist y* G X* 
and y G Sx such that 



\y 



r(y), 



\z-y\\ < 



\\z*-y*\\<k. 



Proof of Theorem 2.1. We have to show that given (x,x*) G Bx x Bx- with Re x*{x) > 1 — 5, there 
exists (y, y*) G n(X) such that \\x — y\\ < \/2S and ||a;* — y*\\ < V^. Let us first prove the result for the 
more interesting case of (5 G (0, 1). In this case, 

0<l-5 < \\x*\\ ^ 1, 

SO, II we write 77 — — > 0, z = a; / x and z ^ x, one has 

\\x*\\ 

Re z*{z) > 1 — 77. 
Next, we consider k = rj/V^ and claim that < fc < 1. Indeed, as the function 



(2) 



^(t) 



t-l + 6 



26 1 



{te 



is strictly increasing, k = (p{\\x*\\) and 1 ~ S < \\x*\\ ^ 1, we have that 

= ^(1 - <5) < fc sc: ^(1) = ^ < 1, 

as desired. Therefore, we may apply Proposition 2.2 with z* G Sx', z G Bx, rj > and < fc < 1 to 
obtain y* G X* and y G Sx satisfying 

\x*\\-l + 5 



|ril=r(y), \\z-y\\< "1 = ^26, 



y 



<k = 



26 



As fc < 1, we get y* ^ and we may write y* = jt^, y — y, ^o get that {y,y*) G n(X). We already 



have that \\x — y|| < v2(5. On the other hand, we have 

y 



y 



\y 



^ 


X* ~ 


\\x*\\y* 
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Now, as the function 



26- 1 



< V26 - 1 



is strictly increasing (for this we only need < 5 < 2), we get 7(||a^*||) ^ 7(1) ~ -j^ = v2(5. It follows 
that ||x* - y*\\ < V2S, as desired. 

Let us now prove the case when S (z [1,2). Here, it can be routinely verified that 

5-1 

so, writing 

we get 

(3) J-J- < ^^S) < V2~S - I (<5e[l,2)). 

V2d — 1 



*^'^^l{^.--^-') 



Now, we have to distinguish two situations. Let first suppose that ||a;* || ^ "ipiS). Then, we take any y € Sx 
such that ||x-y|| sc; I and take y* e Sx' such that y*{y) = 1. Then, {y,y*) G n(X), ||a;-y|| sc; f < %/2(5 
and 

\\x* -y*\\ < l + ||a;*|| sC l + ^p{^) < V2S 

\\x*\\ - 1 + (5 
by (3). Otherwise, suppose |Lt*|| > ^(6). We then write rj ~ — > and k = rj/y/^S as in the 

||a;*|| 

previous case, and we have to show that k < 1. This is trivial for the case 6=1 and for J > 1, we use 
that the function ip defined in (2) is now strictly decreasing to get that 



k = ^(||x*||) < ^{i;{6)) < V (^|j^) = 1 



Then, the rest of the proof follows the same lines of the case when 5 E (0, 1) since this hypothesis is not 
longer used. D 

Let us comment that the above proof is much simpler if we restrict to x* e Sx* (in particular, to the 
spherical modulus $^((5)), but the result for non-unital functionals is stronger. Actually, the following 
stronger version can be deduced by conveniently modifying the election of k in the proof of Theorem 2.1. 

Remark 2.3. For every < 9 < 1 and every < 6 < 2, there is p = p{6, 9) > such that for every 
Banach space X, if x* G Bx* with \\x*\\ ^ 9, x G Bx satisfy that Re x*{x) > 1 — i5, then there is a pair 
{y,y*) e U{X) satisfying 

\\x - y\\ < V26 ~ p and \\x* - y*\\ < V26 ~ p. 

Let us observe that, given < 9 < 1, the hypothesis above is not empty only when 1 — 9 < 6. On the 
other hand, in the proof it is sufficient to consider only the case of 6 < 1 + 6, because, otherwise, the 
evident inequality Re x*{x) > —9 = 1 — (1 + 6*) implies that there is a pair {y,y*) € n(X) satisfying 
\\x — y\\ < ■\/2(l + 9) and ||a;* — y*\\ < ■\/2(l + 9), so the statement of our remark holds true with 
p:= V^-^2(l + 6'). 

Next, we rewrite Theorem 2.1 in two equivalent ways. 
Corollary 2.4. Let X be a Banach space. 

(a) Let < e < 2 and suppose that x G Bx and x* G Bx* satisfy 

Rex*(a;) > 1 - eV2- 
Then, there exists {y,y*) G n(X) such that 

\\x — y\\ < s and \\x* — y*\\ < e. 
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(b) Let < (5 < 2 and suppose that x G Bx and x* G Bx' satisfy 

Re x*{x) > 1- 6. 
Then, there exists {y,y*) G n(X) such that 

\\x-y\\<\/25 and \\x* ~ y* \\ < ^/25 . 

As the last result of this section, we present an example of a Banach space for which the estimate in 
Theorem 2.1 is sharp. 

Example 2.5. Let X he the real space l^^K Then, $|((5) = ^x{S) = V2S for all 6 G (0, 2). 



Proof. Fix < 5 < 2. We consider 

z = (1 - V2J, 1) G Sx and 



2(5 



1- 



2(5 



eSx', 



and observe that z*{z) ^1 — 5. Now, suppose we may find (y, y*) G n(X) such that \\z — y\\ < \'2S and 
\\z* ~ y*\\ < a/2(5- By the shape of Bx, we only have two possibilities: either y is an extreme point of 
Bx or y* is an extreme point of i?x* (this is actually true for all two-dimensional real spaces). Suppose 
first that y is an extreme point of Bx, which has the form y = (a, b) with a,b (£ {—1, 1}. As 

||z-y|| =max{|l- V2^-a|,|l-6|} < V2S, 

we are forced to have 6=1 and a ~ —1. Now, we have y* — {—t, 1 — i) for some ^ t ^ 1 and 



2(5 



F -y \\ = 



+ t + 



t- 



max|V2^,2A > V2S, 



a contradiction. On the other hand, if y* is an extreme point of Bx" , then either y* = {a, 0) or y* = (0, b) 
for suitable a,b E {—1, 1}- In the first case, as 



\z ~y 



2(5 



2(5 



< V2(5 



we are forced to have a = 1 and so, y — (1, s) for suitable s G [—1, 1]. But then \\z — y\\ ^ v 2(5, which is 
impossible. In case y* = (0,6) with b — ±1, we have 



\W*^y*\\ = 



2(5 



1- 



-b 



<V2S, 



so 6 = — 1 and therefore, y = (s, —1) for suitable s G [—1, 1], giving \\z — y\\ ^ 2, a contradiction. 

3. Basic properties of the moduli 

Our first result is the continuity of the Bishop-Phclps-BoUobas moduli. 
Proposition 3.1. Let X be a Banach space. Then, the functions 

S' — >^x (S) and 6< — ^ $i (S) 
are continuous in (0,2). 

We need the following three lemmata which could be of independent interest. 
Lemma 3.2. For every pair (xojXq) G Bx x Bx* there is a pair {y,y*) G n(X) with 

Re[y*{xo) + x*iy)] ^0. 
Moreover, if actually Re Xq{xq) > then {y,y*) G n(A") can be selected to satisfy 

Re [y*ixo)+x*oiy)] ^ 2y^Re (x5(xo)). 



D 
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Proof. 1. Take yo G Sx H kerxp and let j/g be a supporting functional at yo- Then 

R-e [voixo) + x^iyo)] = Re yo(^o) 
If the right hand side is positive we can take y — yo, y* — yQ, in the opposite case take y = —yo, y* = — j/q ■ 
2. Take y — -^^p-u and let y* be a supporting functional at y. Then, since for a fixed o > the minimum 
of f{t) := t + I for t > equals 2y/a, we get 

Re [y* {xo) + xliy)] = ||a;o|| + |^ — ^ Re xl{xo) > 2jRe x*q{xo). □ 

\\xo\\ 

The above lemma allows us to prove the following result which we will use to show the continuity of 
the Bishop-Phelps-BoUobas modulus. 

Lemma 3.3. Let X be a Banach space. Suppose (xojXg) G Ax{6q) with < S < 5o < 2. Then: 

Case 1: IfS,So e]0, 1] then 



dist((xo,X*),A;,(^))^2 ^^:^ 

i — V t — Oo 



Case 2: If6,6o G [1,2) then 

dist{ixa,x*„),AxiS)) <2 



2-^0 Sq- S 



So So-l + VI - 2(5 + Mo 



Proof. Denote t — Ke Xg{xo). Let {y,y*) G n(X) be from the previous lemma (in case 1 we use part 
2 of the lemma, in case 2 we use part 1). For every A e [0, 1] we define a;;!^ = (1 — X)xq + Xy and 
x\ = {1 — X)xq + Xy* . Both x\ and x*^ belong to corresponding balls, and dist oo {ixo,XQ),{xx,x1^)) ^ 2A. 
We have: 

(4) Re xlix),) - (1 - X)h + A(l - A) Re [y*{xo) + 4(y)] + A^, 

so in case 1 

Re xlixx) ^ (1 - Xft + 2A(1 - X)^ft + X^ = ({1 - X)Vt + x) . 

Now we are looking for a possibly small value of A, for which {x\,x\) e Ax{S). li 6 ^ 1 — i, the value 
A = is already ok and distoo {ixo,Xo),Ax{S)) — 0. Ii0<6<l — t then the positive solution in A of 
the equation ((1 — X)^/i + X) = I — S is 

^ _ Vl^-Vi 

M — -p — • 

l-Vi 

Evidently, At € [0, 1], so {x\^,x\ ) G Ax{S). Since Af decreases in t, 

dist^iixo,x*o),Ax{6)) ^ 2Xt < 2Ai_,„ = 2^^^-^^^^^. 

This completes the proof of case 1. 

In the case 2 we may assume t ^ 1 — S (otherwise the corresponding distance is and the job is done), 
so i ^ 0. By part 1 of the previous lemma and (4) 

Rea;^(a;A) > {l-Xft + X^, 

so we are solving in A the equation 

{1- Xft + X^ -1 + 5 = 0, i.e. {l + t)X'^ -2tX+{t-l + 5) = 0. 

The discriminant of this equation is I? = —tS — S +1. Remark that D ^ —(1 — 5)5 — 6 +1 = {1 — 5)'^ ^ 
and t — 1 + (S ^ 0, so there is a positive solution of our equation given by 

At - ^(t + \/^) - ^(t + Vl-t5-5). 
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This At decreases in t, so 

At < Ai_,„ ^ 1(1 - <5o + yi - 25 + Mo) = ^^^ ^" '^ D 

° <5o^ ^ ' Sa (5o - 1 + VI - 2(5 + 66o 

For the continuity of the spherical modulus, we need the following result. 
Lemma 3.4. Let X be a Banach space. Suppose {xo,Xq) £ A^{do) with < S < 6^ < 2. Then: 
Case 1: If S < 1 then 

Case 2: If S e [1, 2) and 2 - ^/2 - Sq < S < Sn, then 

disi^{{xo,x*lAUS))^^-^^^. 

Proof. Let us start with case 1. Fix ^ G (0, d). As ||a;o|| = 1, we may find y^ G Sx satisfying x^{y^) > 1 — ^. 
For every A e [0,1] wc define 

x{\,0 = ^xo + {l- \)y^. 
Consider A^ = j—^ G [0, 1] and write x^ = x{X^,^). An straightforward verification shows that 

Re Xq{x^) > 1 — S 
and so, as 1 — (5 ^ 0, we have that x^ ^ and also that 



Re Xq 






> 1-5. 



Therefore, 



x^ 



, .Tq ] c j-i-x 



e A^{6). It remains to estimate 



Xq 



Xq 

^ 2 



H 



s$ ||a:;o - x^\\ + 



x^ 



^ 2 



as follows 



<5o-e 



x^!|-iK 



\x^ -xoll ^ 4 



Sq-S 
<5o-e 



We get the result by just letting £_ — > 0. 

Let us prove case 2. We have to distinguish the values of Re Xq{xo). If Re Xo(xo) > 1 — 5, then the 
proof is done. Suppose otherwise that 

1 - (5 ^ Re Xq{xo) > 1- So- 
Fix^e (o, min{2 - Sa, ^^-^-Jo-s^ j\ (observe that 4^-2^-<5o-<?" > q by the conditions on 6). As ||a;5|| = 1, 
we may find y^ e Sx satisfying Xo(y^) > 1 — ^. Now, we consider 

5o-5 



A, 



and x^ = Xq + A^y^. 



2-5-^ 
Notice that A^ G (0, 1) (since S < Sq and ^ < 2 — (5o) and 

\\x^\\;?\\xo\\-X\\y^\\ = l-X^>0. 

Also, observe that 

(l -5)(2-5-0 + 5o-5 
2-5-^ 



Re Xo(x5) s^ 1 -(5 + A^ = 



so, Re a;5(a;^) ^ since ^ ^ 



Re Xn 



4<5-2-(5o-<5^ 



(5-1 



Now, 






^ Re a; 






> 



l-5o + A^(l-0 ^^ 



1-A, 



5. 
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Therefore, I j^ , x^) & A"]^{S). It remains to estimate 



Xo 



xa 



x^ 



|a^Cl 



5o-5 



x^ 



x^ 



\^i\ 



< 



Sq-S 



as follows: 

.T^ll-ll^ 



€ 



2-S-^ 
Consequently, letting ^ — > 0, we get 



I I Sq — S c^ f ^Q ~ ^ 

+ |If?II - IfoIII 5$ - — - — - + 112:^ -xqW sc 2 



disi^{{xo,xl), A%{5)) < 



2-5-^ 

2(^0 - <^) 



2-5-i 



2-5 



U 



Proof of Proposition 3.1. Let us give the proof for ^x{S). Observe that for ^i,(52 € (0,2) with 5i < 62, 
one has 

< $x(<52) - $x(^i) - dn iAxi62),'n{X)) ~ dn (Ajf (<5i),n(X)) < dn (Ax (52), Ax {Si)) . 
Now, the continuity follows routinely from Lemma 3.3. 

An analogous argument allows to prove the continuity of <f>^(5) from Lemma 3.4. D 

The following lemma will be used to show that the approximation in the space is not worse than the 
approximation in the dual. It is actually an easy application of the Principle of Local Reflexivity. 

Lemma 3.5. For e > 0, let (a;, a;*) G Bx x Bx' and let {y*,y**) G Il{Y*) such that 

\\x* — y* \\ < e and ||a: — y**|| < £. 

Then there is a pair {y,y*) G II(X) such that 

\\x — y\\ < e and \\x* — y*\\<e. 

Proof. First chose e' < e such that still 

||a;* -y*|| < e' and ||a; - ?;**|| < e'. 
Now, we consider ^ > such that 



{i + Os' + ^+Jy 



e 



<e, 



and use the Principle of Local Reflexivity (see [1, Theorem 11.2.4], for instance) to get an operator 
T : Lm{x,y**} — > X satisfying 

||r|l,|lr-i|Kl + e, T{x)=x, y*{T{y**))^y**m = l- 
T{y* 



Next, we consider 5; 



\\ny**)\\ 



e Sx and x* — y* £ Sx* , observe that 



1 £ 

Re x*{x) > : = 1 



1+e 1+r 

and wc use Corollary 2.4 to get {y,y*) E II(X) satisfying that 



\i-y\\ < 



2e 



and Hi* — J/* II < 



2e 



Let us show that {y,y*) G II(X) fulfill our requirements: 

||x - y|| ^ ||T(x) - r(r*)|| + ||T(r*) - ill + \\i - y\\ 



<(i + 0^' + e + 



1+^ 



< e 
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and, analogously, 

^2^ 



\\x*-y*\\^\\x*~r\\ + \\r-y*\\<s' + J^ 



<e. n 



Proposition 3.6. Let X be a Banach space. Then 

^x{S)^'^X'i6) and $i(J)<$i.(5) 
for every S £ (0, 2). 

Proof. The proof is the same for both moduli, so we are only giving the case of ^x(S)- Fix S E (0,2). 
We consider any e > such that ^x'{5) < s and for a given {x,x*) G Ax{S) consider {x*,x) £ Ax*{S) 
(we identify X as a subspace of X**) and so we may find {y*,y**) G n(y*) such that 

\\x*—y*\\<e and ||a; — ?;**|| < e. 

Now, an application of the previous lemma gives us a {y,y*) G n(X) such that 

Ija; — y|| < e and||x* — y*|| < e. 

This means that ^x{S) ^ £ and, therefore, ^x{S) ^ $x*(^), as desired. D 

We do not know whether the inequalities in Proposition 3.6 can be strict. Of course, this can not be 
the case when the space is reflexive. 

Corollary 3.7. For every reflexive Banach space X, one has ^x{S) — $x'('5) and ^xi^) ~ ^x*i^) fof 
every < (5 < 2. 

Our last result in this section states that when the Bishop-Phelps-BoUobas modulus is the worst 
possible, then the spherical Bishop-Phelps-BoUobas modulus is also the worst possible. 

Proposition 3.8. Let X he a Banach space. For every 6 G (0,2), the condition <l>jf((5) — V26 is 
equivalent to the condition ^j^(6) = \/25. 



Proof Since $f ((5) < $x(^) < V^, the imphcation [$f (5) = V26] => [$x(<5) = V2S\ is evident. Let us 
prove the inverse implication. Let ^xiS) = \/2S. Then there is a sequence of pairs (a;„, a;* ) G Bx x Bx* 
such that Re x^(a::„) > I — S but for every (y, y*) G n(X) we have 

\\xn - y\\ ;» V2S - - 0T\\xl-y*\\;^V2S--. 
n n 

An application of Remark 2.3 gives us that ||a;* || — > 1 as n — > oo. As the duality argument given in 
Lemma 3.5 implies the dual version of Remark 2.3, we also have ||a:;„|| — > 1 as n — > c». Denote Xn — j^^\- 

x*n = irf?]! ■ In the case when 5 G (0, 1], we have Re a;* (i„) > 1~ 5 but for every (y, y*) G n(X) 

\\xn -2/11 ^ \/2(5 ||a;„-i„|| or \\xl~y*\\ ^ V25 ||i; -a;,*||. 

n n 



Since the right-hand sides of the above inequalities go to v26, we get the condition $;|- (S) = y/25. 

In the case of J G (1,2), we no longer know that Re i*(i„) > I — S, but what we do know is that 
liminf Re i* (i„) ^ 1 ~ S, and that gives us the desired condition ^xi^) — v^ thanks to the continuity 
of the spherical modulus (Proposition 3.1). D 
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4. Examples 
We start with the simplest example of X = M. 

Example 4.1. <Dk(5) = J ^^^^__ ^ ^ If 1 < ij < 2 ' *k('5) = fo^ every S e (0, 2). 

Proof. We first fix (5 G (0, 1]. First observe that taking x = 1 — (5, a;* = 1, it is evident that $r((5) > S. 
For the other inequality, we fix x, x* e [—1, 1] with x*x > 1 — S. Then, x and x* have the same sign and 
we have that |x| > 1 — 5 and |a::*| > 1 — S. Indeed, if |x| < 1 — 5, as |x*| < 1, one has x*x = \x*x\ < 1 — S, a. 
contradiction; the other inequality follows in the same manner. Finally, one deduces that |a; — sign(x)| < S 
and \x* — sign(x*)| < 6, as desired. 

Second, fix (5 e (li2). On the one hand, taking x — ^/5 — 1, x* = —\/5 — 1, one has x*x = 1 — 5. 
As |x + 1| = ^/5-l + 1 and |a;* - 1| = y/5- 1 + 1, it follows that $r((5) ^ ^/5- 1 + 1. For the other 
inequality, we fix x, x* G [—1, 1] with x*x > 1 — 5. If a; and x* have the same sign, which we may and do 
suppose positive, then ja: — 1| ^ 1 < (5 and |x* — 1| ^ 1 < (5 and the same is true if one of them is null. 
Therefore, to prove the last case we may and do suppose that a: > and a;* < 0. Now, if we suppose, for 
the sake of contradiction, that 

\x- (-1)1 ^ \/<5- 1 + 1 and |a;* - 1| ^ \/(5 - 1 + 1, 

we get X ^ ^/5'^^ and —a;* ^ Vo^^, so —x*x ^ (5 — 1 or, equivalently, x*x ^ 1 — 5, a contradiction. 
Therefore, either |a;- (-1)| < \/5 -1 + 1 and \x* - (-1)| < 1 < V^ - 1 + 1 or |a;* - 1| < V^ - 1 + 1 and 
|x-l| < 1<\/I^+1. 

The result for (f>f is an obvious consequence of the fact that S'r = { — 1,1}. D 

Let us observe that the above proof gives actually a lower bound for ^x{5) for every Banach space X 
whence (0,1]. 

Remark 4.2. Let X he a Banach space. Then ^x{S) > 5 for every S E (0, 1]. Indeed, consider xq E Sx 
and Xq G Sx* with Xq{xo) = 1 and write a; = (1 — d)xo and a;* = a;^. Then Re x*{x) = 1 — 6 and 
dist (x, Sx) = S. 

We do not know a result giving a lower bound for ^x{S) when S > 1, outside of the trivial one 
^xi^) ^ 1. Also, we do not know if the lower bound for the behavior of $x(^) in a neighborhood of 
given in the remark above can be improved for Banach spaces of dimension greater than or equal to two. 

We next calculate the moduli of a Hilbert space of (real) dimension greater than one. 
Example 4.3. Let iJ be a Hilbert space of dimension over M greater than or equal to two. Then: 

(a) $|((5) = V2-\/4^^ for every 6 € (0, 2). 

(b) FotS e (0,1], $h(5) = max|5, ^2- V4-2(5|. For (5 e (1,2), <1>h{5) = VS. 

Proof. As we commented in the introduction, both $// and $^ only depend on the real structure of the 
space, so we may and do suppose that H is a real Hilbert space of dimension greater than or equal to 2. 
Let us also recall that H* identifies with H and that the action of a vector y G H on a, vector x G H is 
nothing but their inner product denoted by {x,y). In particular, 

Il{H) = {{z,z)eSHxSH}. 

Therefore, for every S E (0,2), ^h{S) (rcsp. $|^((5)) is the infimum of those e > such that whenever 
X, 2/ G Bh (resp. x, y G 5*^) satisfies (x, y) ^ 1 — 6, there is z G Sh such that ||.x — z\\ ^ e and \\y — z\\ ^ e. 

We will use the following (easy) claim in both the proofs of (a) and (b). 
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Claim: Given x,y E Sh with x + y ^ 0, write z = n^^^n to denote the normahzed midpoint. Then 



\\x-z\\ = \\y- z\\ = V2 - v/2 + 2(.T,y). 
Indeed, we have \\x — z|p = 2 — 2{x, z) and 

2{x,x + ij) _ 2 + 2{x,y) 
\\^ + y\\ ^ ^2 + 2{x,yy 



2(x,z) = 



giving Ija; — z|| = \/ 2 — ■\/2 + 2{x, y), being the other equahty true by symmetry. 

(a). Let first prove that $^((5) s^ \/2- ^/A^^. Take x,y e Sh with {x,y) '^ 1 - S {so x + y ^ 0), 
consider z — h^^^h e Sm and use the claim to get that 

\\x+y\\ " o 



\\x~z\\ ^\\y~z\\ ^^2-^2 + 2{x,y) ^ \/2 - VI" 



25. 
To get the other incquahty, we fix an ortonormal basis {ei, 62, . . .} oi H, consider 

x=x/l- (5/2 ei + x/sj2e2 G 5*^ and y=x/l- S/2 ei - V^ea G 5*^ 
and observe that (a;,j/) = 1 — (5. Now, given z G 5/f, we write zi = (z,ei), Z2 = (2,62), and observe that 

max{||z - xf, \\z - y\\^} = max ||zi - ^1-^2^ + 1^2 ± V^P + ^ - 4 - '4\ 

= zl + 1-5/2- 2zi ^l - 5/2 + max |z2 ± \/<V2p + 1 ~ z^ -^ 
= 2 - 2zi^l - (5/2 + 2|z2| V^ ^ 2 - 2^1 - (5/2. 



z^ 



It foUows that <I>|(^) ^ ^2- VI^^, as desired. 

(b). We first fix 5 e (0, 1) and write Eq = max I 6, \/2 - y/4^- 26 \ . The inequality ^h{S) ^ £0 follows 

by Remark 4.2, the fact that $//((5) ^ $^(^) and the result in item (a). To get the other inequality, we 
first observe that 

(5) ^^HiS) i^<^un{x,y}{S) '^x,yeBH with {x,y) = l-d. 

This follows from the obvious fact that $. (5) increases when we restrict to subspaces. So, we are done if 
we restrict to the two-dimensional case and consider two points P = (||P||,0), Q = (91,(72) with (72 ^ 
and ||P|| > IIQIJ, satisfying {P,Q) ^1 — 5, and we find z G Sh such that ||P — z\\ ^ eo and |1Q — ^H ^ eo- 
Now, it is straightforward to check that we have ||P|| € [\/l — 5, l] , and gi = jkw G [l — (5, \/l — <5J . 
Figure 1 helps to the better understanding of the rest of the proof. 

Consider M = ( J ~2ILp 1 ' \ — 2\\p\^ ) ' '^hich is the normalized midpoint between A = (1,0) and 



2||P|| ' Y 2||P,, 

B = (]Tp|, ^/l — (ttw)^) ^^'^ write A to denote the arc of the unit sphere of H between A and M. We 

claim that Q G UzeA -^(-^j ^0) ^"^^ ^ ^ HzgA ^(-^' ^o)- Observe that this gives that there is 2; G A C Sh 
whose distance to P and Q is less than or equal to £o: finishing the proof. Let us prove the claim. First, we 

show that Q — (<?i, 52) G UzsA -^(-^' ^o)- If 92 ^ \/ 2li"_pir ' *^"^ ^^^^ °^ radius Eq centered in the point 
of A with second coordinate equal to (72 contains the point Q since eg ^ dist (((71,0), A) > dist((5. A). 
For greater values of 92, write first C — [qi, J - — 2\\p\\' )' which belongs to B{M^£q) by the previous 



2||P|| ^ 

argument. Also, as M is the normalized mid point between A and _B, we have by the claim at the 
beginning of this proof that 



||A/ - B\\ = ^J■2-■J2 + 2(A^) 



\ 




V4 - 2(5 < £0 
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Figure 1. Calculating ^h{^) for 6 E (0, 1) 



so, also, II A/ — Z?|| ^ Eq. Therefore, both the points C and C belong to i?(M, eg), so also the whole 
segment [C, D] is contained there, and this proves the first part of the claim. To show the second part of 
the claim, that P £ Hzga B{z,So), we consider the function 



[P 



and observe that it is a convex function, so 

f{p)i^niax{f{l)J{VT^}^el 
It follows that 

IIP -Mil = 



e [Vi - 6, 1]) 



1 + ||P||2 - v/2||P||(||P|| + l-5) sc: eo, 

hence M e B{P,eo). As also A e B{P,eQ), it follows that the whole circular arc A is contained in 
B{P,eo) or, equivalently, that P e f]^^^B{z,eo)- 

Let now fix (5 e (1, 2). Analogously to what we did before in equation (5), to show that $_f/((5) ^ y/S, 
it is enough to consider the two-dimensional case and that, given p — (||p||,0) £ Bh, q — (91,92) G Bh 
with 92 ^ 0, to find z G Sh such that ||z — P||,||z — QH ^ \M. Routine computations show that 



91 



1 



IIPII 



91 N 2 



eS„ 



\ 2 V '2 

does the job. For the other inequality, we fix an ortonormal basis {ei, 62, . . .} of H, consider 

P = VS- lei eBh, Q = -VS-lei e Bh 



14 



CHICA, KADETS, MARTIN, MORENO-PULIDO, AND RAMBLA-BARRENO 

and observe that (P, Q) = I — S. For any z £ Sh, we write zi — (z, ei) and we compute 

maxjllz - Pf, \\z - Qlp} ^ max{|zi - VS-1\'^ + 1 - jzip , |zi + VS-l\^ + 1 - jzipj 



= max|zi ± V5-l|2 + 1 _ |^^|2 ^ (i^^i + V<5-1)^ + 1 - |zi|^ 



= (5 + 2\/(5- l|zi| ^ (5. 
It follows that ^h{S) ^ ^/S, as desired. 



n 



Our next aim is to present a number of examples for which the values of the Bishop-Phelps-BoUobas 
moduli are the maximum possible, namely ^x(^) ~ ^x{S) — a/2(5 for small S's. As we always have 



^x (^) ^ ^x (<5) ^ \/2(5, it is enough if we prove the formally stronger result that $^ (S) ~ \/25 for small 
5's (actually, the two facts are equivalent, see Proposition 3.8), and this is what we will show. It happens 

(2) (2) 

that all of the examples have in common that they contains an isometric copy of the real space loo or £]^ . 
In the next section we will show that the latter is a necessary condition that it is not actually sufficient. 

The first result is about Banach spaces admitting an L-descomposition. As a consequence we will 
calculate the moduli of Li{fj,) spaces. 

Proposition 4.4. Let X be a Banach space. Suppose that there are two (non-trivial) subspaces Y and 
Z such that X = Y®iZ. Then ^xiS) = $i((5) = V2S for every 5 S (0, 1/2]. 

Proof. Fix S e (0, 1/2] and consider (j/o, ^o) ^ n(y) and (zq, Zq) e U{Z) and write 



2(5 



2(5 N 



Xo 



yo 






zo](^S_ 



X 






2S)yo 



eS 



X'. 



2 ""' V 2 

It is clear that Re a;Q(a;o) = 1 — (5. Now, suppose that we may choose {x,x*) E n(Ar) such that 

\\xo-x\\<V2S and \\xq-x*\\<V2S. 
Write X = {y,z) eV ®i Z, x* = {y*,z*) e Y* ®oo Z* and observe that 

1 = Re x*{x) = Re y*{y)+Re z*{z) ^ \\y*\\\\y\\ + \\z*\\\\z\\ ^ \\y\\ + \\z\\ = 1, 
therefore, we have 

(6) Rey*(2/) = ||2/*|||jy||. 

Now, we have 



1 



2(5) 



\y 



€ 



'1 



^5)vl 



< 



\/2(5 



from which follows that ||y*|| < 1 and so, y = Q by (G), giving ||z|| = ||a;|| = 1. But then. 



\\x^~x\\ = 



V2(5 



2/0 



1- 



V2~5^ 
2 >" ' 


^ V2~5 


(- 


V2~5\ 
2 ) 




- 2 + 


\\z\\ 



= \/2(5 



n 



a contradiction. We have proved that $x(<^) ^ v2(5, being the other inequality always true. 

The result above produces the following example. 

Example 4.5. Let (f7, E, /i) be a measure space such that Li{fi) has dimension greater than one and let 
E be any non-zero Banach space. Then, ^Li{ij.,e){S) = ^fiin E)i^) ~ "^^ ^"^ every 6 G (0, 1/2]. 
Indeed, we may find two measurable sets A,Bc^ with empty intersection such that ft — AU B. Then 
Y = Li{^\a,E) and Z = Li{ij,\b,E) are non-null, Li{ijl,E) = Y (Bi Z and so the results follows from 
Proposition 4.4. 
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Particular case of the above example are ii and ii[0, 1]. 

It is immediate that with a dual argument than the one given in Proposition 4.4 it is possible to deduce 
the same for a Banach space which decomposes as an ^oo-sum. Actually, in this case we will get a better 
result using ideals instead of subspaces. 

Proposition 4.6. Let X be a Banach space. Suppose that X* = Y ®\Z where Y and Z are (non- 
trivial) subspaces of X* such that Y ^ X* and Z ^ X* (w* is the weak* -topology (7{X* , X)). Then 
q>x{6) = $|((5) = V2S for every 6 e (0,1/2]. 

Proof. We claim that there are yo, zq G Sx and j/q G Sy and Zq G Sz such that 

Rey*iyo) = h Re z*izo) ^ I, y* (zo) ^ ^y* G Y, z*(yo) = Vz* G Z. 

Indeed, we define j/o and j/q, being zq and Zq analogous. By assumption there is j/q G Sx such that 
z* (yo) = foi' every z* € Z and we may choose x* G Sx-' such that Re x*{yo) = 1 and we only have to 
prove that x* GY and then write j/q — x* . But we have x* = y* + z* with y* CzY,z*(^Z and 



1 = Re x*{yo) = Re y*{yo) s^ ||y*|| < ||y*|| + ||z*|| 



so z* = and x* G Y. 
We now define 



26 



Xq = I ^- 2/0 : (l ^) ^0 I ^ '5'x- xo = (l - V2^)yo + zo G X 

and first observe that ||xo|| ^ 1; indeed, for every a;* = y* + z* G Sx-' one has 

\x*ixo)\= {l-V2S)y*iyo) + z*izo) sC (l - y2^)||2;*|| + ||z*K ||y*|| + ||z*|| 



1. 



It is clear that Re a;o(a;o) — 1 — 6. Now, suppose that we may choose {x,x*) G n(X) such that 

||xo - xll < ^2^ and \\xq - x* \\ < V26 ■ 

We consider the semi-norm || • ||y defined on X by \\x\\y '■= sup{|j/*(a;)| : y* G Sy} which is smaller than 
or equal to the original norm, write x* — y* + z* with y* Cz Y and z* G Z, and observe that 

l = Rex*{x) =Rey*ix)+Re z*{x) < ||y*||||a;||y + ||z*||||a;|| < ||y*|| + ||z*|| 

Therefore, we have, in particular, that 

(7) Rey*{x)^\\y*\\\\x\\y. 

Now, we have 



1. 



{l-V26)-\\x\\y = {1 - V26)\\yo\\y - \ 
from which follows that \\x\\y < 1 and so, y* = by (7) and ||z 



26 



Vo 



x\\y 


< 


(1 


- V26)yo - X 


< 

Y 


) and ||z*|| = ||a;*|| = 1. But then 


^ 

^ - 


/25 
2 


+ 


(-f)- 


l.-ll 



26 



26, 



a contradiction. Again, we have proved that ^x{6) ^ v2(5, being the other inequality always true. D 

Of course, the first consequence of the above result is to Banach spaces which decompose as ^oo-sum 
of two subspaces. Indeed, if X = F©oo Z for two (non-trivial) subspaces Y and Z, then X* — Y-^ ®i Z-^ 
and Y-^ and Z-^ are w*-closed, so far away of being dense. Therefore, Proposition 4.6 applies. We have 
proved the following result. 

Corollary 4.7. Let X be a Banach space. Suppose that there are two (non-trivial) subspaces Y and Z 
such that X = Y®ocZ. Then <^x{6) = $i((5) = \f26 for every 6 G (0, 1/2]. 



As a consequence, we obtain the following examples, analogous to the ones presented in Example 4.5. 
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Examples 4.8. (a) Let (fi, S,/i) a measure space such that Lrx,{^) has dimension greater than one 

and let E be any non-zero Banach space. Then, 

'^L^i^^.E) = *!^(^,B)('5) = V2~S {Se (0, 1/2]). 
(b) Let r be a set with more than one point and let E be any non-zero Banach space. Then, 

^coiT,E) ^ ^i(rM^) = V2S and <l>,(r,£) - <i>f(r,^)((5) = ^25 (5 e (0,1/2]). 

Our next aim is to deduce from Proposition 4.6 that also arbitrary C{K) spaces have the maximum 
moduli and for this we have to deal with the concept of M-ideal. Given a subspace J of a Banach space X, 
J is called M-ideal if J^ is a L-summand on X* (use [10] for background). In this case, X* = J-^ ®i j" 
where J' — {x* € X* : \\x*\\ = ||a;*|j||} = J*. Now, if X contain a non-trivial M-ideal J, one has 
X* = J-"- 01 j" and to apply Proposition 4.6 we need that j" to be not cr(X*, X)-dense. Actually, j" is 
not dense in X* if and only if there is xq G X\ {0} such that ||a;o -l-y|| — max{||a:oll, II 2/11} for every y & J 
(this is easy to verify and a proof can be found in [3]). Let us enunciate what we have shown. 

Corollary 4.9. Let X be a Banach space. Suppose that there is a non-trivial M-ideal J of X and a 
point xq ^ X \ {0} such that \\xq + y\\ — max{||xo||, ||y||} for every y ^ J. Then, ^xi^) = "^a'('^) ^ v2(5 
for every S € (0, 1/2]. 

With the above corollary we are able to prove that the moduli of any non-trivial Co{L) space are 
maximum. 

Example 4.10. Let L be a locally compact Hausdorff topological space with at least two points and let 
E be any non-zero Banach space. Then ^CoiL,E){^) — ^c (l e)^^) ~ ""^^ ^^^ every 5 G (0, 1/2]. 
Indeed, we may find a non-empty non-dense open subset U oi L and consider the subspace 

J={/GCo(i,i?) : /|c/ = 0}, 

which is an M-ideal of Co{L,E) by [10, Corollary VI. 3.4] (use the simpler [10, Example 1. 1.4. a] for 
the scalar-valued case) and it is non-zero since L\U has non-empty interior. As U is open and non- 
empty, we may find a non-null function xq £ Cq{L,E) whose support is contained in U. It follows that 
11^0 + y|| = niax{||a;o||, ||y||} for every y G J by disjointness of the supports. 

A sufficient condition to be in the hypotheses of Corollary 4.9 is that a Banach space X contains two 
non-trivial M-ideals Ji and J2 such that Ji n J2 = {0} since, in this case, Ji and J2 are complementary 
M-summands in Ji + J2 [10, Proposition 1.1.17]. Let us comment that this is actually what happens in 
C{K) when K has more than one point. 

Corollary 4.11. Let X be a Banach space. Suppose there are two non-trivial M-ideals Ji and J2 such 
that Ji n J2 = {0}. Then <^x{S) = $|(5) = V2S for every 5 G (0, 1/2]. 

A sufficient condition for a Banach space to have two non-intersecting Af -ideals is that its centralizer 
is non-trivial (i.e. has dimension at least two). We are not going into details, but roughly speaking, 
the centralizer Z{X) of a Banach space X is a closed subalgebra of L{X) isometrically isomorphic to 
C{Kx) where Kx is a Hausdorff topological space, and it is possible to see X as a C(i^x)-submodule 
of nfes-R" ^f' ^^-"^ suitable X^s. We refer to [2, §3.B] and [10, §1.3] for details. It happens that every 
M-ideal of C{Kx) produces an M-ideal of X in a suitable way (see [2, §4. A]) and if Z{X) contains more 
than one point, then two non-intersecting M-ideals appear in X, so our corollary above applies. 

Corollary 4.12. Let X a Banach space. If Z{X) has dimension greater than one, then ^x{^) — ^xi^) ~ 
^/25 for every 5 G (0, 2] . 

To give some new examples coming from this corollary, we recall that the centralizer of a unital 
(complex) C*-algebra identifies with its center (see [10, Theorem V.4.7] or [2, Example 3 in page 63]). 

Example 4.13. Let A he a unital C*-algebra with non-trivial center. Then, <i>A(^) = ^jii^) = V^ for 
every S e (0,1/2]. 
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It would be interesting to see whether the algebra L{H) for a finite- or infinite-dimensional Hilbert 
space H has the maximum Bishop-Phelps-Bollobas moduli. None of the results of this section applies to 
it since its center is trivial and, despite it contains K{H) as an Af-ideal, there is no element Xq £ L{H) 
satisfying the requirements of Corollary 4.9 (see [3, page 538]). Let us also comment that the bidual of 
L{H) is a C*-algebra with non-trivial centralizer, so '^l(h)" (<^) = ^f (_&)•* ^^) ~ ^^ '^*-"" ^very 6 G (0, 1/2] . 
If there is (5 € (0, 1/2] such that '^l{H){^) < V^, then this would be an example when the inequality in 
Proposition 3.6 is strict. 

(2) 

We finish this section with two pictures: one with the Bishop-Phelps-Bollobas moduli of M, C and fJx) , 
and another one with the corresponding values of the spherical Bishop-Phelps-Bollobas moduli. 





Figure 2 . The value oi^xiS) 
for E, C and £(2) 



Figure 3 

for M, C and £^3) 



The value of ^-^J) 



"■x^ 



5. BANACH SPACES WITH THE GREATEST POSSIBLE MODULUS 

Our goal in this section is to show that Banach spaces with the greatest possible moduli contain almost 
isometric copies of the real £^ . Let us first recall the following definition. 

Definition 5.1. Let X, E be Banach spaces. X is said to contain almost isometric copies of E if, for 
every e > there is a subspace E^ <Z X and there is a bijective linear operator T : E — > E^ with 
llrll < l-^eand ||r-i|| <l + e. 



The next result is well-known and has a straightforward proof. 



(2) 



Lemma 5.2. A real Banach space E contains an isometric copy of ioo if and only if there are elements 
u,v £ Se such that ||u — w|| ~ \\u + v\\ = 2. E contains almost isometric copies of £oo if and only if there 
are elements Un,Vn £ Se, n £ N such that ||m„ — Vn\\ 



2 and 



2 as n ^> oo. 



(2) 

The class of spaces X that do not contain almost isometric copies of i^o was deeply studied by James 
[11] (see also the exposition in Van Dulst's book [9]), who gave to such spaces the name "uniformly 
non-square" . He proved in particular, that every uniformly non-square space must be reflexive, that this 
property is stable under passing to subspaces, quotient spaces and duals. In fact, a general result is true 
[12]: for every 2-dimensional space £^ if a real Banach space X does not contain almost isometric copies 
of E then X is reflexive. 
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The aim of this section is to prove that if a real Banach space X satisfies that its Bishop-Phelps- 
Bollobas modulus is \25 in at least one point 6 e (0, 1/2), then X (and, equivalently, the dual space) 
contains almost isometric copies of i)x! . Actually, as shown in Remark 3.8, ^x{5) = v2(5 if and only if 
*^x(^) ~ V25. Therefore, we may use the formally stronger hypothesis of $x('^) ~ \/2^- 

We will use some lemmas and ideas of Bishop and Phelps [4], but for the reader's convenience we will 
refer to the corresponding lemmas in the already classical Diestel's book [8] . 

From now on, X will denote a real Banach space. For t>l and x* e Sx*, we denote 

K{t,x*) := {x e X : ||x|| sC tx*{x)}. 

Observe that K{t,x*) is a convex cone with non-empty interior. 

Lemma 5.3 (A particular case of [8, Chapter 1, Lemma 1]). For every z e Bx, every x* G Sx* and 
every t > 1, there is Xq G Sx such that xq — z G K{t,x*) and [K(t,x*) + xq] D Bx ~ {-^o}- 

Lemma 5.4 ([8, Chapter 1, Lemma 2] with a little modification that follows from the proof there). Let 
x*,y* G Sx' and suppose that x*[kery* n Sx) C (— oo,e/2]. Then 

dist (a:*,Lin y*) < e/2 and min{||a;* — y*||, ||a;* + y*||} ^ e. 

Lemma 5.5. Let z G Bx, x* G Sx' 7 t > \, and let xq G Sx be from Lemma 5.3. Denote y* G Sx* 
a functional that separates xq + K{t,x*) from Bx, so y*{xQ) — 1 and y* (^K[t,x*)) C [0, 00). Then 
x*{keTy* nSx) C (-oo,l/i] and so, dist (2:*,Lin y*) s^ l/t and inm{\\x* -y*||,||2:* +y*||} s^ 2/t. 

Proof. This also can be extracted from [8, Chapter 1], but it is better to give a proof. For every 
w G kery* fl Sx we have that w does not belong to the interior of K{t,x*), so 1 = \\w\\ ^ tx*{w), 
i.e. a;*(ker7;* n Sx) C (—00, l/t]. An application of Lemma 5.4 completes the proof. D 

Now we are passing to our results. At first, for the sake of simplicity, we consider the easier finite- 
dimensional case. 

Lemma 5.6. Let X be a finite- dimensional real .space. Fix e G (0, 1). Suppose that {x,x*) G Sx x Sx* 
satisfies that x*{x) = 1 ~ ^ o,nd that 

ma.x{\\y-x\\,\\y* - x*\\} >£ 

for every pair (y, y*) G n(X). Then for t — - , there exists yo G [x + K{t, x*)] D Sx such that a;*(yo) = 1. 

Proof. Consider a sequence i„ > t, n G N, with lim„ i„ = t. Using Lemma 5.3, we get y„ G Sx such that 

(8) yn-x£K{tn,x*) and (K(i„, a;*) + y„) n Sj^ = {y„}. 

Let y* G X* be a functional that separates K{tn, a;*) -f y„ from Bx, i.e. y^(yn) = 1 and y*^{K{tn, x*)) C 
[0,00). Then, according to Lemma 5.5, 

(9) min{||.T* - y;j|, llo;* + yl\\} < 2/t„ < e. 
But 

\W +yn\\ > {^* +yn){yn) = l + x*{yn) = I + X* (x) + x* (y„ - x) = 2 - — + x* (y„ -x). 
Since (y„ - x) £ K{t„,x*), we have x*(y„ ~ x) ^ ||(y„ - x)\\/t„ ^ so 

£2 

\\x*+y:M >2-->e 

(we have used here that < e < 1). Comparing with (9), we get ||x* — y* || < e, so the condition of our 
lemma says that \\x — y„|| ^ e. Without loss of generality (passing to a subsequence if necessary) we can 
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assume that ?/„ tend to some j/o- Then 

e ^ hm||j/„ - x\\ ^ Umi„x*(y„ - x) = t{x* (yo) - x* (x)) 

n n 

£ 2 e 2 

This means that all the inequalities in the above chain are in fact equalities. In particular, a;*(yo) = 1 
and 

\\yo-x\\ =lim||y„-a;|| ^t(x*{yo) -x*(x)), 

n 

i.e. yoe[x + K{t,x*)]nSx- □ 

Lemma 5.7. Under the conditions of Lemma 5.6, there are y* € Sx-' and a ^ 1 — | with 

(10) ||x*-ay*|K| and ||x* - y*|| > e, 

and there is v € Sx such that 

(11) x*{v) = y*{v)^l. 

Proof. Let j/o be from the previous lemma. Fix a strictly increasing sequence of t„ > 1 with lim„ tn — t 
and let us consider two cases. 

Case 1 : Suppose there exists mo G N with 'mt[K{tmo,x*) + x] H Bx ^ 0- Then, using the fact that for 
every closed convex set with non-empty interior, the closure of the interior is the whole set, we get 



yo&[x + K{t,x*)]nBx =mt[x + K{t,x*)]nBx = [j mt[x + K{tn,x*)] (1 Bx- 

So, we can pick 

(12) z„e[x + K{t^,x*)]nBx 

such that Zn — > j/o- In particular, a;*(z„) — > 1. Let us apply Lemma 5.3: there are Vn € Sx such that 

(13) Vn ~ Zn e K(tn, X*) and [K{tn, X*) + Vn] H Bx ^ {Vn}. 

Then x*(vn — Zn) ^ 0, i.e. 1 ^ a;*(u„) ^ x*(z„) — ;■ 1, so a;*(w„) — 5- 1. Condition (12) implies that 
Zn — a; G K(tn,x*) which, together with (13), mean that w„ — a; G K{tn,x*). Consequently, 

£2 
\\Vn ~ a;|| < tnX*{Vn - x) ^ i„— < £. 

If we denote y* G Sx' to the functional that separates w„ + K{tn,x*) from Bx, then (w„,?/*) G \1{X). 
Since we are working under the conditions of Lemma 5.6, it follows that 

\\y*n^x*\\^e. 

Also, by Lemma 5.5, dist (a;*, Lin y*) ^ l/t„, so there are a„ G M such that 

II2;* -anynW S^ l/tn- 

Again, without loss of generality, we may assume that the sequences (a„), (u„) and (y*) have limits. Let us 
denote a :— lim„a„, y* :— lim„y*, and v :— lim„u„. Then |lt)|| = 1, ||y*|| = 1, x*{v) = lim„x*(w„) = 1, 
and y*{v) — lini„y*(w„) = 1. This proves (11). Also, 

\\x* -ay*\\ =lim||a;* - a^y^H < 7 = o" 

n t 2 

Consequently, 

s 

(14) - ^ \\x* - ay*\\ ^ {x* - ay*){v) = 1 - a, 

so, a ^ 1 — I . 
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Case 2: Assume that for every n G N we have int[X(i„,a;*) + a;] n Bx = 0- Let us separate x + 
int {K{tn,x*)) from Bx by a norm-one functional j/*, that is, 

yl{x + \iii[K{t^,x*)\) >1, 

so, in particular, Unix) ^ 1- 

Again, passing to a subsequence, we can assume that there exists y* = lim„ y* which satisfies || y* || — 1, 
1 ^ 2/*(a;) > lim„j/*(a;) ^ 1. So, 2/*(x) = 1, i.e. (x,y*) € n(X). By the conditions of our lemma, this 
implies that 

\\y* -x*\\ = max{||a; - x\\,\\y* ~ x*\\} > e. 

Since 

j/o G X + K{t,x*) — [j int [a; + /^(tn, x*)] , 

we can select z„ e int[x + if(f„,x*)] in such a way that z„ — > j/q- Then 

2/*(yo) =limy;(z„) > 1, 

n 

hence, y*(j/o) = 1- This means that condition (11) works for v :— j/o- The remaining conditions can be 
deduced from Lemma 5.5 the same way as in the case 1. D 

We are now able to state and prove the main result of the section in the finite-dimensional case. 

Theorem 5.8. Let X be a finite- dimensional real Banach space. Suppose that there is a 6 d (0, 1/2) 
such that ^x{S) — v2(5 (or, equivalently, $^((5) — v2(5J. Then X* contains an isometric copy of ioo 
(hence, X also contains an isometric copy of £oo)- 



Proof. Denote e := \/25 e (0, 1). There is a sequence of pairs (x„,a;J^) G 5x x Sx' such that x* (a;„) > 

2 

1 — (5 = 1 — ^ and 

max{|ij/-a;„||,||y* -<||} ^ e 

for every pair (y, y*) G Ii{X). Since the space is finite-dimensional, we can find a subsequence of (a:„, a;*J 
that converges to a pair {x,x*) G Sx x Sx*- This pair satisfies that x*{x) ^ \ — 5 and for every 
(y,y*)Gn(X), 

max{||y-2;||,||y* -a;*||} > max{||y - x„||, Hy* - x*J\} - max{||a:: - a;„||, ||x* -<||} 

> e max{||a; — a;„||, ||a;* — x*\W — > e. 

n 

Since by Theorem 2.1, a;* (a;) cannot be strictly smaller than 1 — J, we have x*{x) = 1 — ^. Therefore, we 
may apply Lemma 5.7 to find y* G Sx* and a ^ 1 — | for which conditions (10) and (11) are fulfilled. 
Now we claim that in fact there is only one number 7 G M for which 

(15) II^*-72/1K| 
and this 7 equals 1— §• Soa^l— | and, we also claim that 

(16) \\x* -ay*\\ = - and \\x* -y*\\=e. 

Indeed, when we were proving equation (14), we proved that every 7 G ffi that satisfies (15) must satisfy 
7 ^ 1 — |. On the other hand, the function 7 1 — > \\x* — 7y*|| is convex, so the set G of those 7 G K 
satisfying (15) also must be convex; but 1 ^ G, so 7 < 1. Finally, according to (10), 

F F 

^ ^ 1 II * *ll ^ II * =^ll II * *ll \. 

2>l-7=llz/ -iy\\^\\x ~y\\-\\x ~jy\\^-. 

This means that all the inequalities above must be equalities, so 7 ^ 1 — |, and also (16) must be true. 
The claim is proved. 
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Now, let US define 



X* -ay* 2 £ 

-\X -(1- -)y ): 



"2/11 e 2' 



("2') 

and let us show that functionals u* and y* span a subspace of X* isometric to tyj ■ According to 
Lemma 5.2, it is sufficient to show that ||u* — y*\\ — \\u* + 2/*|| — 2. Let us do this. At first, 



-{x* - (1- -)?/) -y* 



^.- 



At second. 



2 ;s h* +y*|| = ||-(x* - (1 - l)y*) + y*\\^ -\\x* - y* +ey*\\ ^ -{x* ~ y* + ey*){v) = 2. D 
Let us comment that for complex Banach spaces, we cannot expect that Theorem 5.8 provides a 

f2) . . . (2) 

complex copy of ^oo in the dual of the space. Namely, the two-dimensional complex space X — i\ 

I f2^ 

satisfies $x(<5) = v25 for 8 e (0,1/2) but it does not contain the complex space icJ (of course, it 

f2l f2^ (^\ 

contains the real space too as a subspace since (\ and thJ are isometric in the real case). We do 
not know whether it is true a result saying that if a complex space X satisfies <l>x('5) = v2(5 for some 
8 e (0, 1/2), then X contains a copy of the complex space ^j^ ' or a copy of the complex space i\J . 

Let us extend the result of Theorem 5.8 to the infinite-dimensional case. Roughly speaking, we proceed 
as in the proof of such theorem, but instead of selecting convergent subsequences, we select subsequences 
such that their numerical characteristics (like norms of elements, pairwise distances, or values of some 
important functionals) have limits. 

Theorem 5.9. Let X he an infinite- dimensional Banach space. Suppose that there is 6 € (0, 1/2) such 
that $x(<5) = v2(5 (or, equivalently, $f-(5) — v2S). Then X* (and hence also X) contains almost 
isometric copies of loo ■ 



Proof. Denote e :— V2(5. There is a sequence of pairs (x„, a;* ) £ Sx ^ Sx' such that a;* (x„) > 1 — S = 
1 — Y and 

(17) ma,x{\\y-Xn\\,\\y* -x*J\} ^ £ 

n 

for every pair {y,y*) G n(X). Since we have x* (a;„) < 1 — (e — ^)^/2 by Theorem 2.1, we deduce that 
lim„x*(x„) — 1 — 6. Denote t = -. Now, we are going to proceed like in Lemma 5.6 in order to show 
that there is a sequence (y„) of elements in Sx such that 

(18) lim||2/„ - XnW ^ tlima;*(y„ - x,,) and lima;*(2/„) = 1. 

n 71 n 

Pick a sequence (t„) with i„ > t, n G N and lim„ i„ = t. Using Lemma 5.3, for every n S N we get 
2/n S Sx such that 

(19) yn~Xn e K{tn,x*J and iK{tn,x*„) +yn)r]Bx = {yn}- 

For given n G N, let u*^ G Sx* be a functional that separates K{tn, a;* ) + j/„ from Bx, that is, satisfying 
M*(y„) = 1 and u'^(K(tn,x*^)) C [0,oo). Then, according to Lemma 5.5, we have 

min{|K-<||,||x;+<||} < 2/i„ < £. 

As we have 

IK + <ll > « + 0(2/n) = 1 + <(y«) = 1 + <(a;„) -I- xliyn - a;„) > 2 - y > e, 

we get ||x* — u* II < e, so (17) says that ||a;„ — j/„|| ^ £ — ^- Without loss of generality, passing to a 
subsequence if necessary, we can assume that the following limits exist: lim„ ||a;„ — y„||, lim„ a;* (y„ — Xn) 



22 CHICA, KADETS, MARTIN, MORENO-PULIDO, AND RAMBLA-BARRENO 

and lini„ a;* (y„). Then 

e s^ lini||y„ - XnW ^ limi„a;*(2/„ - a;„) = ilima;*(2/„ - x„) 

^ ^(lim<(y„) - 1 + i ^ ?(1 - 1 + i = £. 

en 2 e 2 

This means that all the inequalities in the above chain are in fact equalities. In particular, lim„ x* (j/n) — 1, 
and 

(20) e = lini |1 y„ - a;„ |1 ^t hm x* (y„ - a;„) , 

71 n 

SO the analogue of Lemma 5.6 is proved. 

Now, we proceed with analogue of Lemma 5.7: we need to show that there are y* € Sx* and a„ ^ 0, 
a„ — > 1^1 with 

(21) ll<-«ny:iK| and |lx;-y:|l>e, 
and there is a sequence of u„ G Sx such that 

(22) lim<(i;„)=limy:(i;„) = L 

n n 

Case i ; Assume that there exist r > and n G N such that, for all m > n, 

( [K{t - r, O + x™] n Bx) \ (x™ + rSx) ^ 0. 
This means that for all m > n there is z„ such that 

ll^m ^ 2^m|| > J^j ll^mll ^ 1 and \\Zm ^ Xm\\ ^ [t — r)Xy-^yz„i — X„i}- 
For A e (0, 1) denote ym.\ := ^z^ + (1 — ^)ym- Clearly, ym,\ G Bx- Denote also 

\m = inf{A : yrn,\ ^ Xm + K{t, a;^)}, 
and let us show that 

(23) lim A,„ = 0. 

771 

Observe first that Am is smaller than every value of A for which 

||2/m,A ■^777 11 ^ ^X \ym,\ Xyjij. 

On the one hand, if \\ym — x„-i\\ — tx*^{ym ~ Xm) ^ 0, then A = belongs to the set in question, and the 
job is done. On the other hand, if ||y„i — a;„i|| — tx*-^{ym ~ Xm) ^ 0, then there is A for which 

A||2777 ^ •'^77711 + (1 ^ '^)\\ym ^ Xm\\ = tXx.^\Zm — Xm) + t[\ — AjX^yVm ~ Xm) 

is positive and belongs to the set in question. This means that 

11^777 -^777 II ^Xyy^yJJm Xjyij 



Am Sj 



112/777 -^77711 ^•^777^^777 ■^'777/ "T ^-^777 V^777 "^777 j 1 1 ^m ^^777 || 



but the limit of the right-hand side equals thanks to (20). So condition (23) is proved. This means that 
2/777, A,„ e Xm + K{t,x*m) and \\ym,\,^ - ym\\ ^ 2Am — > 0. Let us pick a little bit bigger A™ > Xm in such 
a way that we still have \\ym \ ~ VmW — ^ 0, but for some t^ <t with i„ — > t, we have 

(24) llym,A„ - ^m\\ ^ inXmiym^x^ " Xm)- 

Then, in particular, lim„ x*n[y^ x ) — 1™" ^niUn) = 1- Let us apply Lemma 5.3. There are w„ G Sx such 
that 

(25) "Vn-y^.x^ & Kiin,x*J and [K{in,x*j^) + Vn] Ci Bx = {vn}- 
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Then a;*(w„ - Vn.xJ ^ 0' i-^- ^ ^ 2;*(t;„) > 2;*(y„j^) — > 1, so x*(u„) — > 1. This proves the first 
part of (22). Condition (24) imply that y„ j^ — a;„ € K{tn,x*j^) which, together with (25), mean that 
Vn — Xn S K{tmX*^). Consequently, 

, £2 
W^n Xji\\ <^ tfiX^yVji Xn) ^ ^n~^ ^ ^■ 

If we denote by y* G 5'x* the functional that separates w„ + K{in,x*) from Bx, then («„,?/*) e n(X) 
(this proves the second part of (22) even in a stronger form) so, thanks to (17), 

„ * *„ 1 

Also, by Lemma 5.5, dist (a;*, Lin y*) ^ 1/in, so there are a„ G M such that 

Again, without loss of generality, we may assume that the sequences (a„) and ||x* — ctn?/^ || converge. 

Then, 

1 e 
lim|K-a„y;|| < 7 = ^■ 

n t Z 

Consequently, 

s 

- ^ lim llx* - Q„y* II > lim(x* - a„y*)(w) = 1 - lima„ , 

Z n n n 

SO lim„ a„ ^ 1 — |. Starting at this point, (21) can be deduced in the same way as it was done for (16). 

Case 2 : Assume that there is a sequence of r„ > 0, r„ — > and that there is a subsequence of {xm, x'^) 
(that we will again denote {x„i,x'^)) such that 

{[K{t - r„,0 + a;„] n Bx) \ (x,„ + r„,Bx) = (for ah m £ N). 

Then also 

[K{t - r„, j;;j + a;„j] n (1 - r,„)Bx = (for aU m e N). 
Let us separate 

[K{t-rjn,X*^) +Xjn] 



1 - J'rK 

from Bx by a norm-one functional y* , that is, 

(26) y^{K{t-rm,x*^) + x,n) > l-Tm 

so, in particular, y^{xm) ^ l — r„i and limmy*j(a;m) = 1. By the Bishop-Phelps-BoUobas theorem, there 
is a sequence {xmVn) ^ n(X), such that 

max{||£„ -a;„||, ||y* - y*||} — !• as n -> 00. 

Again, passing to a subsequence, we can assume that all the numerical characteristics that appear here 
have the corresponding limits. According to (17), for n big enough, we have 

l|y« - <ll = max{||x„ - a;„||, ||y; ~ <||} ^ e , 

n 

so lim„||y* — a;* || ^ e. We can select z„ e a;„ + K{t — Tn, x* ) in such a way that ||z„ — y„|| — > 0. Then 

1 ^ lim y,;(y„) = limy,;(z„) > lim(l - r„) = 1. 

n n n 

This means that condition (22) works for v„ :— y„. 

Now consider an arbitrary w G ker y* n Sx ■ Taking a convex combination with an element h of the 
unit sphere where y^(/i) almost equals —1, we can construct an element w G Bx such that Hw — w|| ^ 2r„ 
and Vniw) = —Tn- Then, by (26), w ^ mi[K{t — r„,a;*)), so ||w|| ^ {t ~ rn)x'^{w). Consequently, 

x*„{w) < x*„{w) + 2r„ < h 2rn- 

t - r„ 
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Observe that we have shown that the values of the functional x* on ker y* n Sx do not exceed j^:^ + 2r„ 
Therefore, by Lemma 5.4, 



dist(a;*,Lin y*J ^ 



1 



and so there are a„ G M such that 



liml 



Q^nJ/n 



€ 



2r„ 
1 



The remaining conditions in (21) and (22) can be deduced the same way as in the case 1. 

Finally, (21) and (22) imply that hm„ Ijx* — y* || = lim„ Ijx* — y* || = 2: the proof does not differ much 
from the corresponding part of the Theorem 5.8 demonstration. D 



Corollary 5.10. Let X be a uniformly non-square Banach space. Then, $^(5) ^ ^x{^) < v2(5 for 
every d G (0, 1/2). Consequently, every superreflexive Banach space can he equivalently renormed in such 
a way that, in the new norm, $x('^) ^ ^x{^) < V'iS for all S € (0, 1/2). 

It would be interesting to obtain a quantitative version of the above corollary. 

6. A THREE DIMENSIONAL SPACE E CONTAINING too WITH ^e{S) < v2i5 

In the last section we decided to decorate our paper with two diamonds: 





Figure 4. The unit baU of Di 



Figure 5. The unit ball of D\ 



The first of them represents the unit ball of the space Dg that we construct below, and on the second 
picture one can see the unit ball of D* . 

Like in the previous section, for every d G (0, 1/2) we denote e = 
Bl C M? the absolute convex hull of the following 11 points A^, fc — 1, 
convex hull of 22 points ±Afc, k = 1, . . . , 11): 



\/25, so < e < 1. We denote 
. . . , 11 (or, what is the same, the 



A2 
Aq 



(l-e,!,^) 



^3 

A7 



^i = (0,0,-), 

(l-e,-l,|), A, 



(-1,1 



1,1, |) 
e, ^), As = (l,e-l,^^ 



(1, 



^5 
Ag 



(e- 1,-1, 2), 
(-l,e-l,l). 



2" ° ' ' '2' 

v4io = (1,1,0), All = (1,-1,0). 

Denote D^ ("D" from "Diamond") the normed space (K^, || • ||), for which B^ is its unit bah. Then D* 
can be viewed as M'^ with the polar of B^ as the unit ball, and the action of x* G D* on a; G -D^ is just 
the standard inner product in 'S? . Let us list, without proof, some properties of D^ whose verification is 
straightforward: 
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• The subspace of D^ formed by vectors of the form {xi, X2, 0) is canonically isometric to ioo . 

(2) 

• There are no other isometric copies of £00 in D^ . 

• The subspace of D* formed by vectors of the form [xi, X2, 0) is canonicahy isometric to i\ (and 

(2) 
so, is isometric to ^00 )• 

(2) 

• There are no other isometric copies of £60 in D* . 

• The following operators act as isometries both on D^ and I?*: (xi, 0:2, 2:3) 1 — > {x2,xi,X3), 
(xi, 12, X3) I — > {xi, —X2, X3). In other words, changing the sign of one coordinate or rearranging 
the first two coordinates do not change the norm of an element. 

The following theorem shows that the existence of an ^^ -subspace does not imply that ^x{S) = V^, 



even in dimension 3. 

Theorem 6.1. Let S e (0, 1/2), e = \/2S, and X = D^. Then <^x{S) < V^S- 



Proof. Assume contrary that $x(^) = v 2(5. Like in the proof of Theorem 5.8, this implies the existence 
of a pair (x,x*) € Sx x Sx* with the following properties: x*{x) = I — S and 

(27) max{||z — x\\, \\z* — x*\\} ^ e for every pair (z, z*) E n(X). 

Also, repeating the proof of Theorem 5.8 for this x* € Sx* , we can find u* ,y* £ Sx' such that the pair 

(2) 
{u* ,y*) is 1-equivalent to the canonical basis of £\ and 

u*^lix*-il-'-)y*). 

This means that x* — |m* + (1 — §)?/*. What can be this {u* , y*) if we take into account that there is 

(2) 
only one isometric copy of £\ in X*7 It can be either u* = (1,0,0), y* = (0, 1,0), or a pair of vectors 

that can be obtained from this one by application of isometries, i.e. just 8 possibilities. Consequently, 

X* either equals to the vector (e/2, 1 — e/2,0), or to a vector that can be obtained from this one by 

application of isometries, again just 8 possibilities. 

By duality argument, there are u,y € Sx such that the pair (u, y) is 1-equivalent to the canonical 
basis of £{ and 

Since the only (up to isometries) pair u,y Cz Sx of this kind is u = (1,1,0), y = (1,-1,0), we get 
X = (1, 1 — e, 0), or can be obtained from this one by application of isometries. So there are 8 x 8 = 64 
possibilities for the pair {x,x*). Taking into account that x*{x) — 1^6 we reduce this number to 8 
possibilities: a; = (1 — e, 1, 0), x* = (e/2, 1 — e/2, 0) and images of this pair under remaining 7 reflections 
and rotations of the underlying M^. If we show that this choice of {x,x*) do not satisfy condition (27) 
then, by symmetry, the remaining choices would not satisfy (27) neither, and this would give us the 
desired contradiction. 

Indeed, the pair (z,z*) e n{X) that do not satisfy (27) for x = (1 - e, 1,0), x* = (e/2, 1 - e/2,0) 
is the following one: z = (1 — e, l,e/2), z* — (e/2, 1 — e/2,e). Let us check the required properties. 
At first, z ^ A2 E Sx- Then, z*{z) — 1. The last property means, that ||z*|| ^ 1, so in order to 
check that ||z*|| = 1 it remains to show that |z*(y4fc)| ^ 1 for all k. This is true for e < 1. Finally, 
||2-a;|| = ||(0,0,e/2)|| = ||||Ai|| = §£<£, and ||z*-a;*|| = ||(0,0,e)|| = ((0,0,e),Ai) = f e < e. D 
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